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I. INTRODUCTION
The mechanical response of molecules represents a crucial topic in Biomechanics, Biology, Medicine and Material Engineering [1] . As explicit examples we may refer to the morphogenesis of the neuronal network [2] , to the influence of contour instabilities in tumor growth [3] , to the misfolding of the α-synuclein protein in Parkinson's disease [4] , to the gene transcription in DNA [5, 6] and to folding/unfolding processes in RNA [7] .
The breakthrough that opened up the possibility of investigating the force response at the molecular level can be addressed to Single Molecule Force Spectroscopy (SMFS) techniques. An outstanding innovation in the last decades delivered high-precision instruments such as Atomic Force Microscopes (AFM), optical tweezers, magnetic tweezers, and micro-needles [8] letting the possibility of unreached precision micro and nano scale mechanical experiments. Being characterized by very different operational ranges of spatial resolution, stiffness, displacement and probe size, the choice of the instrument depends on the specific application [9] . For instance, AFM experiments are adopted for macromolecule pulling and interaction tests [10, 11] whereas optical tweezers are better suited for DNA synthesis analysis [12] .
The deduction of detailed properties of the complex energy landscape of macromolecules is probably one the most interesting opportunity allowed by SMFS experiments. This is due to the possibility of considering different loading directions and rates, enabling the analysis of the relative stability of the multiple metastable configurations [13] . Nevertheless, to attain effective results, several fundamental questions still need to be analyzed, going from a detailed definition of the force direction [14] to the analysis of loading rate effects [15, 16] .
However, the most important issue, on which this paper is focussed, concerns the strong influence of the handling device stiffness on the experimental response [17] , an aspect often underestimated or even neglected. Indeed, as it will be clear in the following, the finite value of the cantilever stiffness of an AFM can induce a wrong estimation of both the dissipated energy and the unfolding force thresholds, leading to important discrepancies between the theoretical vs experimental forces [18] and transition rates [19, 20] . Indeed, since the adopted SMFS devices are characterized by a device stiffness differing of several order of magnitude [8] , the analysis of this effect cannot be neglected.
Our aim is the deduction of an analytical description, in the framework of equilibrium Statistical Mechanics [21] , of the experimental device influence in the whole range of its stiffnesses on a macromolecule undergoing a two-states transition. While our approach and analytical results are general, as a paradigmatic example we refer to the fundamental case of AFM induced unfolding experiments in bio-macromolecules such as titin [22, 23] . In this case the molecules are characterized by domains undergoing a conformational (folded → unfolded) transition [24] . We remark that our model is restricted to the rate of loading such that the behavior is rate-independent [25] . Kramer's type approaches have been adopted to deduce that in the rate-dependent regime the unfolding force logarithmically grows with the rate of loading [26] .
Specifically, following [27] [28] [29] [30] [31] , in this paper we consider an energy-based approach where we describe the unfolding macromolecule as a chain of bistable elements [32] with a two-wells elastic energy (called folded and unfolded states) and, to get explicit analytical results, we assume that the element behavior inside each well is Gaussian. This approximation is acceptable as far as the extension of the molecule is much shorter than the contour length both in the folded and unfolded configuration. Of course more general models can be considered in accordance with the molecule under investigation, but this would allow only for numerical results. As important examples we recall that a Freely Jointed Chain (FJC) energy was chosen in [33, 34] where different phases are characterized by different Kuhn lengths, whereas a Worm Like Chain (WLC) description of the unfolded configuration with a stiffer energy of the folded state has been considered in [27, 35] .
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In this paper we study the different behavior of the introduced chain as the boundary conditions, induced by the loading device, vary. In passing it may be interesting to observe that the following analysis of the interaction with the handling system can elucidate important aspects regarding the elastic interaction between different molecules.
Two ideal limit regimes can be considered (see Fig. 1b ). In the ideal hard device, the chain elongation is assigned and the force is a fluctuating conjugated variable. In this case, as the extension is increased, a sequence of localized transitions occur with a typical sawtooth force-elongation diagram. In the opposite hypothesis, here called ideal soft device, isotensional experiments are considered. A force is applied at the last element of the chain and the overall elongation represents the conjugate unknown variable. In this case the transition path is monotonic with a more cooperative transition behavior. As remarked above, this peculiar feature characterizes the behavior of stretching experiments of other multistable systems: deformations localization and sawtooth transition paths in metal plasticity (Portevin-LeChatelier effect) [36] , in shape memory materials [32] and in muscle contraction mechanics [37] . For systems characterized by convex energies the analysis of the hard and soft device cases represents a simple problem in the field of Statistical Mechanics [38] . Conversely, the problem of a multistable material is a more subtle and only partly solved subject. In this framework, a chain of bistable elements has been analyzed in [39] , where the authors model the thermalization of a Fermi Pasta Ulam system. Semi-analytical results are obtained in both soft and hard devices, yet neglecting the device stiffness effect. In [40] a chain of links with three-parabolic energy wells has been considered and the authors show the equivalence -in terms of mechanical response-of the Gibbs (soft device) and Helmholtz (hard device) ensembles in the thermodynamic limit.
On the other hand, just because of the influence of the device stiffness, real SMFS experiments live in between the two ideal hard and soft device limits typically considered in the literature. The analysis of this effect was firstly elucidate in [41] , where the interaction of a macromolecule with convex energy loaded by a device with variable stiffness has been studied. Instead, the case of non-convex energy was recently analyzed in [42] , where the influence of the device stiffness in the case of assigned displacement acting on the system has been deduced. The analytical results are in very good agreement with the observations in [43] where the authors experimentally shows the strong influence of the pulling device on the P-Selectin molecule stretching response.
The aim of this paper is to extend the approach in [42] and describe, in a fully analytical and self-consistent model, all the possible experimental boundary conditions. In more detail, a typical SFMS experiment can be performed in two different ways depending on the specific instruments or technology used. In particular an elastic interaction must be considered for real experiments, because the displacement (hard device) or the force (soft device) are applied to an ancilla macromolecule or to a microcantilever that is then attached to the molecule. Usually, in AFM pulling tests one of the free ends of the macromolecule is fixed (see Fig. 1 ) whereas the other one is attached to an elastic handle that is subjected to a fixed displacement [22] . On the other hand, in other cases such as magnetic and optical tweezers, the generated field is used to apply a force to the handle [44] .
According with previous description, following [42] , where only the case of assigned displacement has been analyzed, we consider the macromolecule and the device as a single thermodynamical system and extend the results also to the case of assigned force. As we show, the Gibbs ensemble can be obtained from the Helmholtz one by a Laplace transform [21] , also in the case when the device influence and non-convex energies are considered. Furthermore, we obtain that the ideal hard (soft) device can be deduced as limit regimes when the device stiffness is much larger (smaller) than the molecule stiffness. Finally, we show the equivalence of the two ensembles in the thermodynamic limit. This result was analytically shown in [40] for the convex Freely Jointed Chain energy whereas it was numerically deduced for the non-convex case. Here we extend this result by proving this equivalence even in the non-convex energy model, both when the device is considered or not.
The paper is organized as follows. In Section II we present the model used throughout the manuscript. In Section III we analyze the mechanical (zero temperature) limit. In Section IV we include the effects of temperature and consider the cases of fixed force (Gibbs ensemble) and fixed displacement (Helmholtz ensemble). In Section V we consider the thermodynamic limit and show that the results in the two ensembles coincide. In Section VI we provide a complete discussion about all results of this work and we summarize them in a close and simple analytical description.
Finally, for the reader convenience in the Supplementary Information we report all the analytical details because we believe that this paper can also represent a compact reference for the readers interested in the application of Statistical Mechanics at systems with non convex energies under general boundary conditions.
II. MODEL
In order to describe the (typically all or none) folded → unfolded element conformational transition, we model the macromolecule as a chain of n bistable springs with reference length l and total reference length L = nl. Each spring has a biparabolic energy with the further assumption of identical wells with stiffness k m . After introducing the 'spin' variable χ i , such that χ i = 0 in the folded state and χ i = 1 in the unfolded one, the total elastic energy of the macromolecule can be written as
where ε i is the strain of the i-th element and ε u is the unloaded strain of the second well (see Fig. 1c ). As anticipated, the key feature of the proposed approach is that an effective analysis of the influence of the loading device on the macromolecular behavior requires to consider the macromolecule and the device as a whole thermodynamical system. Following [42] , the device influence is described by an auxiliary spring with variable stiffness k d , reference length αL, strain ε d and energy
Moreover, due to previous discussion, we need to introduce the total elongation (molecule plus handle)
where
is the macromolecule's average strain. Similarly, by using eq. (SI-4) and (4), we introduce the total averaged strain
Here and in the following we use the index m to denote the macromolecule, d to denote the device and t to denote the total (device plus macromolecule) system quantities.
Finally, we need to introduce the total elastic energy of the system
In the following we first consider the case when entropic energy terms can be neglected and then we extend the results to the general case measuring temperature effects.
III. MECHANICAL LIMIT
With the aim of getting physical insight in the introduced model, we begin by considering the simple case where thermal effects can be neglected.
As anticipated, we consider two different boundary conditions (see Fig.1b ). In one case, denoted as hard device, we suppose that a fixed total displacement d is applied and we solve the constrained problem
In the other case, known as soft device, a fixed constant force is applied to the free end of the chain and we search for the minima of the total potential energy:
(8) In both cases, equilibrium requires a constant force F such that
(9) Due to the absence of non-local interactions, the equilibrium force and energy only depend on the number p of unfolded elements, here assigned by the unfolded fraction
In particular,χ = 0 andχ = 1 correspond to the initial fully folded state and to the fully unfolded state, respectively. Thus, by using (4), (5) and (9) we obtain a compact expression for the equilibrium force
and for the equilibrium strain of the macromolecule
We introduced here the main non-dimensional parameter of the model
Finally, by using (11) and (12), we obtain the forcestrain relations of the macromolecule for the equilibrium branches with different unfolded elements p;
Observe that by using (11) and (12) the two-phases equilibrium branches (χ ∈]0, 1[) are defined only for |F |/k m ≤ ε u corresponding to a strain domain
Moreover, due to the convexity of the wells, these solutions are locally stable in the case of both assigned force and displacement.
To obtain the global minima of the energy we have to distinguish the two cases of hard and soft device and minimize with respect to the remaining variableχ. In the case of assigned displacement, for the equilibrium solutions the total elastic energy (7) can be rewritten as
with respect to the phase fraction. One can easily show that the branchχ corresponds to the global minimum for (see Fig. 2a )
Consequently, the force-extension behavior is assigned by (14) with the phase fraction depending on the total assigned strain as follows:
where we indicated with 1 Ωp the characteristic function of the set
and
,
" t < l a t e x i t s h a 1 _ b a s e 6 4 = " Differently, in the case of assigned force we have to minimize the potential energy with respect to the phase fractionχ; in particular, for the equilibrium solutions (8) the energy can be written as
Thus, the global energy minimum corresponds to the fully folded stateχ = 0 for F < 0 and to the fully unfolded stateχ = 1 for F > 0, as shown in Fig. 2b . Finally, the force-displacement relation is again given by (14) withχ
The behavior of the system under the hypothesis that its configurations correspond to the global minima of the energy (Maxwell convention) are represented in Fig. 2c with thick lines for the case of hard device. As the figure shows the transition corresponds to a sawtooth path with the elements unfolding one at a time at a constant transition force F = F un that using (11) and (17) is given by
This behavior reflects the experimental results of the behavior of AFM unfolding experiments [22] with a periodic sawtooth path corresponding to the successive transition of the single domain.
The case of assigned force is represented in Fig. 2d . Observe that under this boundary conditions the transition is always cooperative, with a single value force threshold independent on the relative stiffness parameter γ.
It is important to remark that the experiments show both in the case of hard and soft device a hardening behavior with the unfolding force increasing with the unfolded fraction [22] . Interestingly, in the following we show that this hardening behavior can be associated to an entropic effect.
The main point that we can already observe in the mechanical limit is the strong dependence of the stability domains and of the unfolding force on the device stiffness, with a linear dependence of the force on both γ and the discreteness parameter n. While we can already deduce that the behavior of the system in the hard device reproduces the behavior of the soft device in both cases of γ → 0 and n → ∞, we postpone this discussion to Section V. There, we obtain analytically this new result even in the case when we do not neglect entropic energy terms.
IV. TEMPERATURE EFFECTS: HELMHOLTZ AND GIBBS STATISTICAL ENSEMBLES
In this section we analyze the temperature effects in the case of hard and soft devices, corresponding, respectively, to the Helmholtz and Gibbs ensembles in the framework of Statistical Mechanics. Thus, as in the mechanical limit, we consider the system and the measuring device as a whole and we study separately the cases of assigned displacement and assigned force acting on the handle of the experimental device.
A. Hard device: Helmholtz ensemble
To describe the system in thermal equilibrium in the case of assigned displacement, we consider the canonical partition function in the Helmholtz statistical ensemble H . Due to the absence of non nearest neighborhood interactions, the chains energy depends only on the number p of unfolded domains and not on the specific phase configuration χ. As a result (see SI and [42] ) the partition function assumes the simple form
where K H is a constant, taking into account also the kinetic energy, β = 1/k B T , with k B the Boltzmann constant and T the absolute temperature. The binomial coefficient gives the number of configurations of the chain with p unfolded domains among the n bistable elements.
Remark We point out that (see SI) in order to obtain this analytical expression we assume that the two wells are extended beyond the spinodal point [39, 42] and for fixed phase configuration χ i we integrate each ε i in R.
In [42] the authors numerically showed that this approximation does not influence the energy minimization in the temperature regimes of interest for real experiments.
The Helmholtz free energy (F) is, by definition,
Consequently (see SI) we can evaluate the expectation value of the force conjugated to the applied displacement
is the expectation value of the fractionχ of unfolded domains. After some manipulation (see again SI) we obtain the expectation value of the macromolecule strain
Finally, by using (26) and (28) we obtain
by which we can study the effect of temperature and device stiffness (through the parameter γ) on the macromolecule.
Observe that (26), (28), (29) are formally identical to the equations (11), (12) , and (14) obtained in the mechanical limit case, with the only difference in the expression of the fraction, which is temperature dependent consistently with (27) .
In Fig. 3 we show the influence of temperature, device stiffness and number of elements n of the chain on the unfolding behavior of the macromolecule. A detailed interpretation of these results can be found in Section VI.
B. Soft device: Gibbs ensemble
The partition functions of Gibbs (G ) and Helmholtz (H ) ensembles are related by a Laplace transform with force F and displacement d as conjugate variables [21] . Thus, using (5), we have
A detailed calculation leads to a Gaussian integral whose solution is the partition function in the Gibbs canonical ensemble (see SI), that can be written as
Again we used the simplifying result that due to the absence of non nearest neighborhood interactions the energy depends only on the number of unfolded elements. In this case, it is possibile to evaluate explicitly this summation in order to obtain The Gibbs free energy G is
and, therefore, we can evaluate the expectation value of the total strain
Also in the case of soft device (see SI 3) it is possible to show that the total and the molecule strain are related by (28) , so that by using (34) we obtain
with a force strain molecular relation independent from the number n of elements of the chain. Once again, we point out the analogy among (34),(36) and (28) which are consistent with the analogous relations in the mechanical limit (11), (12) and (14) and in the Helmholtz ensemble (26), (29) and (28) with the only difference given by (35) .
In Fig. 4 we show the effects of temperature. It is important to remark that there is no influence of the device stiffness in the case of soft device regarding the force-strain macromolecule relation. We refer again to section VI for a detailed discussion of these results.
V. THERMODYNAMIC LIMIT
Many important biological molecules undergoing conformational transitions, (i.e. titin [22] or DNA [45] ) are constituted by a very large number of domains. Therefore, it is interesting to explore the thermodynamic limit behavior n → ∞.
Firstly, let us consider the case of hard device. In order to perform the thermodynamic limit we use the saddle point method that (see [42, 46] and SI 5) delivers the expectation value of the unfolded fraction
where χ c is the solution of ln
It is straightforward to see that, consistently with the results previously shown in the paper, we obtain the same form of the mechanical response of the macromolecules as in (26), (28) , (29) . The same equations can be extended also to the case of the soft device thermodynamic limit, after observing that the phase fraction in (35) does not depend on n.
We want now to extend previous results, regarding the equivalence of the molecule response under the hard and soft device in the thermodynamic limit to the case when non convex energies and the handle stiffness effect are considered. This result has been analytically shown in [47, 48] for flexible polymers in the case of convex energy. In the same papers the results have been numerically shown also in the case of a two-wells energy. Notice that, in the mechanical limit, the observed equivalence can be deduced following the approach in [32] and in [49] where the authors consider also metastable configurations and hysteresis. On the other hand, this equivalence is not true when non local interactions are considered (see e.g. [50, 51] ).
Since the force-elongation relation has the same expression in the two ensembles (see (29) and (36)), we prove the analytical equivalence in the thermodynamic limit by showing that the value of the unfolding fraction in (27) and (35) coincide. To this hand, since we used the Stirling approximation in the hard device case, we apply this formula also to (35) 
Following an approach similar to the previous case (see SI Sect. 5), we found that the critical point χ c is the solution of ln
By using (34) we obtain again (38) proving the equivalence of the two ensembles in the thermodynamic limit.
VI. DISCUSSION
We developed an exact unified mathematical model, in the framework of equilibrium Statistical Mechanics, quantifying the effect of the handling device stiffness in stretching experiments on a chain of bi-stable elements. Among the many important examples one can think to SMFS tests on biomolecules. To fix the idea, in this paper we referred to AFM experiments on macromolecules constituted by a chain of domains (e.g. α-helix and βsheets) undergoing conformational (folded → unfolded) transition. It is important to remark that the proposed framework can be extended to the case of mechanical molecular interactions [52] .
In particular, following the approach in [42] , we considered the chain and the device microcantilever as a unique thermodynamical system. We analyzed both the assumptions of assigned displacement and applied force acting on the cantilever. The former case is described by the so called Helmholtz ensemble, whereas the latter is described by the so called Gibbs ensemble, linked by an integral Laplace transform to the previous one. As we show, several limit cases of theoretical interest can be deduced by our general approach: the ideal hard and soft device (neglecting the device stiffness), the thermodynamic limit and the mechanical limit (neglecting entropy effects).
In particular, we deduced that in both statistical ensembles and in all considered limits, the molecular response can be formally described by the following relations:
where, with a slight abuse of notation, we identify the value of the variables with their expectation values depending on the specific case.
The only difference among all considered possibilities lies on the expectation value of the unfolded fractionχ. Following this result, all the different behaviors analyzed in previous sections are described in Fig. 5 with respect to the phase fraction evolutions during the molecule unfolding.
The important influence on the mechanical response of the macromolecules when the total displacement is assigned, are shown in Fig. 3a and Fig. 5a . As the device stiffness decreases, the unfolding force decreases and the behavior becomes more cooperative. It is important to remark that (see [42] ) this can lead to huge overestimation or underestimation of the force thresholds of the macromolecule. In this perspective, we point out that an extended literature in the field neglects the stiffness effect and considers the ideal cases when the total macromolecule displacement is assigned (ideal hard device) or the force acting on the macromolecule is assigned (ideal soft device).
In passing, we observe that these limit behaviors can be deduced in our model by considering the limit of rigid device-molecule connection: γ → 1. Indeed, as we show in SI, Sect. 6, in these ideal cases we obtain the same formal expressions in (41) 
The same expressions are obtained by the general model in the γ → 1 limit.
Moreover, it is interesting to observe that if we consider the hard device, when γ → 0, the macromolecule response approaches the behavior of the ideal soft device (see Fig. 5c down-right). Conversely, when γ → 1 the macromolecular response coincide with the one of the ideal hard device (see Fig. 5c up-right). Thus, by varying the stiffness ratio γ all the ranges of behavior between the two limit cases can be attained.
The soft device boundary conditions are described in Fig. 4 and Fig. 5b . According with the experimental behavior we may observe a monotonic transition forceelongation path. Interestingly, we obtain that in this case the macromolecule behavior is independent from γ and n (see Fig. 4b ).
The temperature effect is shown in Fig. 3b, Fig. 4c and in Fig. 5a ,b for the two ensembles. This should be compared with the limit regime when temperature effects are neglected, studied in Section III) and represented in Fig. 2 and Fig. 5c left. Interestingly, while when we neglect temperature effects the unfolding transition corresponds to constant forces thresholds, when temperature effects are considered we may observe a hardening behavior with the unfolding force growing with the unfolded percentage. This effect is in accordance with the experiments in [22] showing such a hardening behavior of a recombinant titin macromolecule with identical β-sheets domains. Observe that the hardening grows as the temperature grows.
The influence of the discreteness size is shown in Fig. 3c . The force threshold decreases as the number of elements n increases. The thermodynamic limit (n → ∞) has been studied in section V and is represented in terms of phase fraction χ in Fig. 5c center. Specifically, by extending the results in [48] , where the authors study generalizations of the freely jointed chain and of the worm-like chain models with extensible bonds, we demonstrated the equivalence in the thermodynamic limit of the molecule response under hard and soft device. This result, was numerically described in [40] .
In conclusion, we deduced a general framework, able to analytically describe in the rate-independent regime the importance of the stiffness handle, considering also temperature effects. As we show, all other cases analyzed in the literature on SMFS experiments and models, such as thermodynamic limit [39, 40] , mechanical limit [49] and ideal hard and soft devices [30, 32, 48] can be obtained as limit cases of this general model. 
VIII. HELMHOLTZ ENSEMBLE
Consider first the case of hard device, when the total displacement d is applied to the instrument. In this case we have to consider the partition function in the Helmholtz ensemble defined as Z H = (l n αL) χ R 2(n+1) e −βH δ n i=1 lε i + αLε d − d n i dp i dp d n i l dε i (αL) dε d where β = 1/k B T , k B being the Boltzmann constant, T the absolute temperature and χ = {χ 1 , . . . , χ n } ∈ {0, 1} n is the vector denoting the phase (folded of unfolded) configuration. For the sake of simplicity we drop the domain of the vector spin variable χ. We used the delta function to enforce the displacement constraint (SI-2). We can separate the contributions to Z H of the kinetic energy and of the potential energy, so that we can split up the integral over the momenta and over the strains, respectively:
We solve the Gaussian integral over the momenta to obtain In order to solve the Gaussian integrals, we rearrange the exponent in the partition function as follows:
where we have introduced and, thus,
with the same form of the mechanical limit in Eq. (12) . Finally, we have F = k m ( ε m − ε u χ ) , (SI- 19) again respecting the results in Eq.(14) of the mechanical limit, with the variation due to the expectation value ofχ in (SI-16).
IX. GIBBS ENSEMBLE
Consider now the case of assigned force (soft device). The partition function for the Gibbs canonical ensemble is
where the Hamiltonian is defined in (SI-1). We obtain
where A has the same value (SI-6) obtained in the case of assigned displacement, we used Eq. (SI-8), I m and I d correspond to the integration with respect to the ε i and ε d , respectively. We easily obtain
where we have defined the constant
On the other hand, the integral I m can be rewritten as
Also in this case, we may observe that, due to the absence of non local energy terms, the energy of the solutions with the same unfolded fraction is invariant with respect to the permutation of the elements. Thus, we obtain the analytic expression Based on this result we can deduce the constitutive force-strain relation in the case of assigned force. By using the definition of average strain (SI-3), we get (SI-27)
By definition, the Gibbs free energy is G = − 1 β ln Z G and the expectation value of the total strain of the system, which is the variable conjugated to the force, can be obtained as
This leads to
where we have used (SI-27), that has the same form of that again has the same form of Eq. (11) . From (SI-26) and (SI-29) we can obtain the relation between ε t and ε m ε m = ε u χ + γ (1 + α) ε t − ε u χ .
(SI-30) consistent with Eq.(11) of the mechanical limit.
X. FROM HELMHOLTZ TO GIBBS ENSEMBLES: LAPLACE TRANSFORM
As well known [21] , the partition functions in the Gibbs and Helmholtz ensembles are connected by a Laplace transform with the force F and the total displacement d as conjugate variables. From (SI-13) we have 
